
Lecture 3

Ethan Ebbighausen

1 Introduction: Why Waves?

Waves are all around us, as light and sound. Many other physical objects have some oscillating motion
(like a pendulum or rotating objects) that may be modelled using waves. In fact, the wave-particle duality
tells us that just about everything may be viewed as a wave. This physical importance is exactly why the
wave equation was one of the �rst complex PDEs studied and solved, and why we still need it for many
physical applications today. We will develop the theory of a solution method �rst in one spatial dimension,
adding complexity as we go, then return to the problem in a few speci�c higher-dimensional cases. We will
only brie�y touch on the general higher-dimensional solution (as it is more complicated and a true study
involves distribution theory).

Learning Objectives:

� Derive the Wave Equation from the motion of a string.

� Derive and apply D'Alembert's 1-dimensional solution formula.

� Describe how initial data a�ects the solution.

� Apply Duhamel's method to resolve forcing terms.

� Apply spherical averaging to solve the wave equation in 3D.

� Analyze the solution process to generate robust methods to solve for higher dimensions and uniqueness.

2 1D Wave Equation

2.1 Model Problem: A Vibrating String Generates a PDE

Consider the string of a violin, stretched tight between two ends and allowed to vibrate to produce noise.
Imagine we pluck the string then don't interfere, and model the height of the string at position x and time
t after we let go by u(t, x). Let the string have length l, so x ∈ [0, l].

To model this, let the string be under tension force T and assume that gravity is negligible. The mass of
the string a�ects movement via inertia, so we consider its linear mass density ρ, measured in mass per unit
length. We also assume its total displacement is very small compared to its length and that any stretching
of the string is negligible. This justi�es taking T to be constant.

It's quite hard to model something continuous, so we try to model a chain of �point masses� and consider
the forces on them. This is called discretization, and we separate into n segments of length ∆x = l/n. This
chunk has mass ρ∆x.

Let xj = j∆x denote the position of the jth piece, with vertical displacement u(t, xj). The tension pulls
each particle in either direction, and the vertical displacements mean this is at an angle. We break it into
horizontal and vertical components.

Let αj be the angle that u(t, xj − 1) sits above the horizontal at u(t, xj), and βj that between u(t, xj+1)
and u(t, xj). The net vertical force is

∆F (t, xj) = T sin(αj) + T sin(βj)
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2.2 Characteristics 2 1D WAVE EQUATION

From Newton's law, F = MA means ∆F (t, xj) = (ρ∆x)∂
2u

∂t2 (t, xj), so simplifying the force in terms of u
will give a PDE for u. Assuming angles are small, we may approximate

sin(αj) ≈
u(t, xj−1)− u(t, xj)

∆x

where this is taking that the hypoteneuse of the triangle is approximately ∆x.
Applying the same to βj ,

∆F (t, xj) =
T

∆x
[u(t, xj+1) + u(t, xj−1)− 2u(t, xj)]

and

∂2u

∂t2
(t, xj) =

T

ρ

(︃
u(t, xj+1) + u(t, xj−1)− 2u(t, xj)

(∆x)2

)︃
≈ T

ρ

∂2u

∂x2
(t, xj)

As we take ∆x → 0, the approximations we took become truly valid and we obtain the 1D wave equation

(∂2
t − c2∂2

x)u = 0

with Dirichlet boundary conditions u(t, 0) = u(t, l) = 0. Here, c denotes the speed of the wave (and T/ρ
is that speed!).

2.2 Characteristics

First, consider x ∈ R instead of a restricted domain. Second, recall from your experience with ODEs a
second-order equation of the form

y′′ + 3y′ + 2y = 0
⇔ (d2x + 3dx + 2)y = 0

We solved this heuristically by saying that for y ∈ C2, this is precisely
(︁

d
dx + 2

)︁
( d
dx +1)y = 0 and �nding

solutions to ( d
dx + 2)y = 0 and ( d

dx + 1)y = 0.
If we apply the same to the wave equation, we see a di�erence of squares, so for u ∈ C2, we are trying to

solve

(∂t + c∂x)(∂t − c∂x)u = 0

This is now the transport equation twice over, with characteristics t ↦→ x0 ± ct. As with the method of
characteristics, assume there are initial conditions

u(0, x) = g(x), ∂tu(0, x) = h(x)

First, let

w = ∂tu− c∂xu

and we have that w is constant on characteristics x0 + ct or that w(t, x) = w(0, x− ct).
We bring on the �rst factor by taking

w = ∂tu− c∂xu

as an equation to solve with a forcing term, i.e.

d

dt
u(t, x0 − ct) = w(t, x0 − ct) ⇒ u(t, x) = u(0, x0) +

∫︂ t

0

w(s, x0 − cs)ds
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2.2 Characteristics 2 1D WAVE EQUATION

Next, relate this back to the initial conditions

u(t, x) = g(x + ct) +
∫︂ t

0

w(0, x0 − c(s− t))ds

= g(x + ct) + 1

2c

∫︂ x+ct

x−ct

w(0, τ)dτ

= g(x + ct) + 1

2c

∫︂ x+ct

x−ct

h(τ)− cg′(τ)dτ

=
1

2
[g(x + ct) + g(x− ct)] + 1

2c

∫︂ x+ct

x−ct

h(τ)dτ

Notice at each step, uniqueness of ODE solutions forced our hand. We have proven the following:
[2.1] D'Alembert's Formula Under the initial conditions

u(0, x) = g(x), ∂tu(0, x) = h(x)

for g ∈ C2(R) and h ∈ C1(R), the wave equation admits a unique solution

u(t, x) = 1

2
[g(x + ct) + g(x− ct)] + 1

2c

∫︂ x+ct

x−ct

h(τ)dτ

This solution method is very enlightening, as we will see momentarily, but there is another famous method
to derive this solution. It involves the same factoring of the operator (assuming c = 1)

(∂t + ∂x)(∂t − ∂x)u = 0

where, instead, our goal is to reduce this to−∂w∂vu = 0 by a change-of-variables w = 1
2 (x−t), v = 1

2 (x+t)
(this is called the Galilean transformation). Notice that this is exactly displaying the behavior along the
characteristics, in a more explicit form.

By di�erentiation theory,

∂vu = F̃ (v)

u(v, w) =
∫︂

F̃ (v)dv +G(w) = F0(v) +G0(w) = F (x− t) +G(x + t)

whereby

g(x) = F (x) +G(x), h(x) = −F ′(x) +G′(x) ⇒

F (x) = 1

2

[︃
g −

∫︂ x

0

h(ξ)dξ + C

]︃
G(x) = 1

2

[︃
g +

∫︂ x

0

h(ξ)dξ + C

]︃
giving the same solution as before (this is the historical solution method of D'Alembert).

Example: Consider the wave equation with the initial conditions h = 0 and g(x) = e−x2

. The solution
is then

u(t, x) = 1

2

[︂
e−(x−t)2 + e−(x+t)2

]︂
Draw this out at time t large. We notice that this starts as one bump, and diverges into two distinct

bumps traveling left and right. This is exactly what we would expect from a wave traveling, and it highlights
that the two characteristics above are the two directions in which the wave travels.
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2.3 Boundary Problems 2 1D WAVE EQUATION

There is another point to highlight about the traveling bumps above: they don't suddenly jump, and the
primary changes sit within a region determined by the speed of the wave. This is formally called Huygens'
principle, �rst stated in 1678:
[2.2] Huygen's Principle Suppose u solves the wave equation for t ≥ 0, x ∈ R, with initial data g, h as
given above. If g and h are both supported in the interval [a, b], then

supp(u) ⊂ {(t, x) : x ∈ [a− ct, b + ct]}

We can actually be even more precise, though it is not usually necessary: g only a�ects the pair of
intervals [a− ct, b− ct] and [a + ct, b + ct], while h may a�ect the entire interval [a− ct, b + ct].

2.3 Boundary Problems

The universe is, as far as we are currently aware, of �nite length and so solutions in bounded intervals
[0, l] are necessary as well. In our �rst example, we considered a string with �xed ends. This amounts to
u(t, 0) = u(t, l) = 0 for all t ≥ 0.

Suppose again that we have u(0, x) = g(x) and ∂tu(0, x) = h(x), where both g and h also vanish at
the endpoints. We could try to come up with a new solution method for the �nite interval, but that is not
guaranteed to work. Alternately, we can try to extend these functions to the whole real line, and then use
our previous work to solve the wave equation.
[2.3] The wave equation on [0, l] with homogeneous Dirichlet boundary conditions, satisfying initial condi-
tions (u, ut)|t=0 = (g, h) admits a solution of the form

u(t, x) = 1

2
[g(x + ct) + g(x− ct)] + 1

2c

∫︂ x+ct

x−ct

h(τ)dτ

if and only if g and h may be extended to R as odd, 2l-periodic functions so g ∈ C2(R) and h ∈ C1(R).

Proof:

If such extensions exist, applying the previous theorem gives such a solution.
If a solution of the given type exists, we show that the extensions of g and h must both be

odd, with the claimed regularity. First, we may use linearity to reduce to considering one term
at a time. If a solution u exists with the given formula, then it is easy to check that u1 =
1
2 [g(x + ct) + g(x− ct)] is a solution with ∂tu1(0, x) = 0 and so we may consider only g. A similar
solution means we may consider only h.

For u1 a solution as above, u1(t, 0) = 0 implies g(ct) + g(−ct) = 0, giving that g is an odd
function. Similarly, u1(t, l) = 0 implies g(l + ct) + g(l− ct) = 0, so g is odd with respect to l. Each
action extends where g is de�ned. The �rst case extends g to [−l, l], then the second re�ects about
l to [−l, 3l]. Then, we may apply the condition at 0 again to extend to [−3l, 3l]. Repeating this
process shows g extends to the whole real line in an odd, 2l-periodic manner.

Let u2 be a solution with initial data (0, h). Similarly, that u2(t, 0) = 0 =
∫︁ ct

−ct
h(τ)dτ for all

time t implies h(ct) = h(−ct) by taking a derivative. As in the case with g, considering next x = l
and moving back and forth shows h must be odd and 2l-periodic.
Q.E.D.

Example: What happens in the real world when a wave on a string hits a �xed endpoint? Try it out very
carefully, and you'll notice that the wave re�ects against the wall. In other words, it returns with negative
magnitude. If our model is correct, we should expect to see the same thing. Let c = l = 1. Let us consider
h = 0, and g a smooth bump supported in (0.5− ϵ, 0.5 + ϵ) (then we extend g as given in the theorem, and
we also assume g is increasing on [0, 0.5] and decreasing on [0.5, 1] so this truly looks like a bump).

Our solution u(t, x) = 1
2 [g(x + t) + g(x − t)] should see the left wave hit x = 0 just before t = 1/2. If

we look at x = 0, the positive and negative bumps of g will always cancel, but if we look at small positive
x, then for t < 1/2 but close to 1/2, g(x + t) > −g(x − t), and so we have a positive displacement. For t
just after 1/2, g(x+ t) < −g(x− t), and so we instead see negative displacement. As we expected, the wave
bounces o� the wall!
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2.4 Aside: Duhamel's Principle

The French mathematician Jean-Marie Duhamel was able to solve the inhomogeneous heat equation{︄
ut − ∆u = f Rn × (0,∞)

u(x, 0) = 0 x ∈ Rn

using a technique that converted the extra term f into an appropriate initial condition. This technique
can be broadly applied to evolution equations (such as our wave equation), earning it the name Duhamel's
principle. The main idea is that this PDE may be viewed as many homogeneous PDEs where the forcing
term gives initial data and we integrate across these homogeneous solutions over a very speci�c domain.

To understand, consider F : R → Rn some function, A a matrix, and the ODE

F ′(t) = AF (t)

F (0) = F0

Denote Rt to be the solution operator at time t, i.e. F (t) = RtF0. Let G(t) be another vector-valued
function and consider

H(t) =
∫︂ t

0

Rt−sG(s)ds

Di�erentiation under the integral sign shows

(
d

dt
−A)H(t) = Rt−sG(s)|s=t = G(t)

so H(t) solves the inhomogeneous problem

H ′(t)−AH(t) = G(t)

H(0) = 0

Applying this to the PDE just means we extend that matrix A (which is just a linear transformation) to
a linear di�erential operator that does not depend on time, L, such as in the PDE

{︄
ut − Lu = f Rn × (0,∞)

u(x, 0) = 0

Duhamel's principle applied to this then provides a solution

u(x, t) =
∫︂ t

0

(P sf)(x, t)ds

where P sf is the solution to the homogeneous equation{︄
vt − Lv = 0 Rn × (s,∞)

u(x, s) = f(x, s)

This explains the intuitive claim above more clearly: the forcing term creates many in�nitesimal e�ects
for time before t, and integrating across those e�ects gives the PDE's solution.
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2.5 Forcing Terms

We assumed originally that gravity didn't weigh on the string. If it did, we would consider more forces.
This adds another term to the equation

∂2
t u− c2∂2

xu = f

called a forcing term. The technique we employ to solve the wave equation in this case came from the
work of a French physicist who used it instead for the heat equation (but it works just as well here) called
Duhamel's method.

To make our formula a bit more slick, let us also introduce the dual concept to Huygen's principle. Recall
that Huygen's principle told us that a point (0, x0) can only a�ect the function u(t, x) in a cone

Ax0
= {(t, x) : |x− x0| ≤ ct}

(our information travels at speed c). If we instead look backward, considering the same speed of information,
the points which a�ect some �xed (t, x) are all those whose cone of the form Ax0

intersect (t, x). Since we
want to consider forcing terms that act in positive time as well, we have the domain of dependence

Dt,x = {(s, y) : x− c(t− s) ≤ y ≤ x + c(t− s)}

In other words, u(t, x) depends on the given data in the backwards cone Dt,x.

[2.4] For f ∈ C1(R), the unique solution of

∂2
t u− c2∂2

xu = f

satisfying

u(0, x) = 0, ∂tu(0, x) = 0

is given by

u(t, x) = 1

2c

∫︂
Dt,x

f(s, y)dyds

Remark: The non-homogeneous case may then be solved by linearity: in the case{︄
∂2
t u− c2∂2

xu = f {t ≥ 0} × R
(u, ∂tu)|t=0 = (g, h)

for g ∈ C2,h ∈ C1, and f ∈ C1 may be solved by �nding w1 solving{︄
∂2
tw1 − c2∂2

xw1 = 0 {t ≥ 0} × R
(w1, ∂tw1)|t=0 = (g, h)

and w2 solving {︄
∂2
tw2 − c2∂2

xw2 = f {t ≥ 0} × R
(w2, ∂tw2)|t=0 = (0, 0)

The sum u = w1 + w2 then solves the original problem and has the form

u(t, x) = 1

2
[g(x + ct) + g(x− ct)] + 1

2c

∫︂ x+ct

x−ct

h(τ)dτ + 1

2c

∫︂
Dt,x

f(s, y)dyds
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2.5 Forcing Terms 2 1D WAVE EQUATION

Proof:

As hinted at earlier, we set up an intermediary PDE with solution ηs(t, x) starting at time t = s
given by {︄

∂2
t ηs − c2∂2

xηs = 0 {t ≥ s} × R
(ηs, ∂tηs)|t=s = (0, f(s, x))

so

ηs(t, x) =
1

2c

∫︂ x+c(t−s)

x−c(t−s)

f(s, y)dy

by our previous solution.
Duhamel's principle posits that

u(t, x) =
∫︂ t

0

ηs(t, x)ds

We check the that claim.
First, the initial conditions

u(0, x) =
∫︂ 0

0

ηs(x, 0)dt = 0

∂tu(0, x) = η0(0, x) +
∫︂ 0

0

∂ηs
∂t

(0, x)ds = 0

Next, to check the PDE itself,

∂2
t u(t, x) = ∂t(ηs(t, x)|s=t +

∫︂ t

0

∂tηs(t, x)ds)

= ∂t(0 +
∫︂ t

0

∂tηs(t, x)ds)

=
∂ηs
∂t

(t, x)|s=t +

∫︂ t

0

∂2ηs
∂t2

ds

= f + c2
∫︂ t

0

d2ηs
∂x2

ds

= f + c2
∂2u

∂x2

Lastly, we simplify the solution formula for u,

u(t, x) =
∫︂ t

0

1

2c

∫︂ x+c(t−s)

x−c(t−s)

f(s, y)dyds

=
1

2c

∫︂
Dt,x

fdA

Q.E.D.

The backward wave cone is called the domain of dependence as we noted above. We often call the forward
wave cone from a point (t0, x0) the range of in�uence, which is precisely the set of (t, x) where the solution
is a�ected by data at the point (t0, x0).

Example: Consider a string of length l with propagation speed c = 1. Suppose the forcing term is given
by

f(t, x) = cos(ωt) sin(ω0x)
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where ω0 = π/l and ω > 0 is the driving frequency. Interpreting this, f is some force on the string whose
magnitude oscillates in time, such as exterior sound waves a�ecting the string.

A 2π-periodic extension for this forcing term is immediate (at any step in time for Duhamel's principle),
so we may apply our previous theorem. Assume the initial conditions are both 0. Then, the solution is given
by

u(t, x) = 1

2

∫︂ t

0

∫︂ x+t−s

x−t+s

cos(ωs) sin(ω0x
′)dx′ds

=
1

2ω0

∫︂ t

0

[cos(ω0(x− t + s))− cos(ω0(x + t− s))] cos(ωs)ds

=
sin(ω0x)

ω0

∫︂ t

0

sin(ω0(t− s)) cos(ωs)ds

=
sin(ω0x)

ω2
0 − ω2

[cos(ωt)− cos(ω0t)]

using the cosine angle-sum formula.
The x-dependence of the solution exactly matches the forcing term, and the time dependence a�ects

the solution in two frequencies (1/ω and 1/ω0). One frequency comes from the forcing term, and the other
depends on the length of the string and demonstrates more clearly the reaction of the string to these forces.
There is a careful relationship between these frequencies. If ω = ω0, the solution

u(t, x) = t

2ω0
sin(ω0x) sin(ω0t)

has an amplitude which grows linearly in time, so the string accumulates energy added by the forcing
term. This is called resonance, and is, for example, the means by which a singer may break a wine glass by
singing. The resonant frequency of an object is exactly what we denoted as ω0, and is inherent to the object
or string being used.

3 Higher Dimension Wave Equation

3.1 Model Problem: Sound in the Air

In three dimensions, we will show that sound satis�es the wave equation. As with most of the derivations
moving forward, this will rely on some physical laws that may not be commonplace for many readers: we
will try to describe what they do, but their form may otherwise be taken at face value.

Recall that sound is a �uctuation of pressure in a medium. You may have seen a �sound wave� on a
computer visualization that actually looked like a sine wave, which was created by measuring how that
pressure change vibrates the membrane of a microphone and maps out that change with respect to time.
The space between peak pressures is the wavelength, and the frequency is how many of those wave peaks a
�xed point experiences in a unit of time (Hertz is the SI unit, which means cycles per second). We interpret
frequency as pitch.

We will denote by P the pressure at a point x ∈ R3 at a time t ∈ [0,∞). The velocity �eld v describes
how the changes in pressure propagate, and ρ gives the density of the air or other medium the sound moves
through. The relationship between pressure and density is given by the gas law. In the case of very strong
perturbations like shockwaves, this law is complex, but for small pressure �uctuations like sound, we may
ignore energy transfer through heat and use the simpli�ed adiabatic gas law

P = Cργ

for constants C, γ.
Since we want to measure �uctuations, we normalize our values to u = P −P0 and σ = ρ− ρ0, where P0

and σ0 are the atmospheric pressure and density. Rewriting the gas law in these term gives
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3.1 Model Problem: Sound in the Air 3 HIGHER DIMENSION WAVE EQUATION

1 + u

P0
=

(︃
1 + σ

ρ0

)︃γ

We take another simplifying assumption: we expand the Taylor series of the right-hand side �(︃
1 + σ

ρ0

)︃γ

= 1 + γ

ρ0
σ + ...

and truncate the series as a linear approximation to see

1 + u

P0
= 1 + γ

ρ0
σ

⇔ u = γP0

ρ0
σ

[Linearization may be justi�ed by σ/ρ0 being small]
We next need to model how the gas moves via the conservation of mass equation

∂ρ

∂t
+∇ · (ρv) = 0

≈ ∂σ

∂t
+ ρ0∇ · v = 0

(where the approximation is claiming ρ ≈ ρ0). This is the di�erential form of a similar conservation law to
what we saw previously: a change in mass in a space is the di�erence of the mass entering and that leaving.
Combining this with the above gives

∂2u

∂t2
=

γP0

ρ0

∂2σ

∂t2
= −γP0

∂

∂t
(∇ · v)

To treat the velocity term, we use the conservation of momentum equation, Euler's force equation

−∇P = ρ

(︃
∂

∂t
+ v · ∇

)︃
v

which roughly says that F=MA, where ∇P stands in for �force�, ρ for �mass�, and the Lagrangian derivative
of velocity for �acceleration�. We again simplify, changing to u and σ

−∇u = ρ0

(︃
∂

∂t
+ v · ∇

)︃
v

and then discard higher-order terms (linearizing as before) to reduce to

−∇u = ρ0
∂v

∂t

This allows us to notice that
∂

∂t
(∇ · v) = ∇ · ∂v

∂t

= ∇ · (−∇u

ρ0
) = − 1

ρ0
∆u

and hence that

∂2u

∂t2
− γP0

ρ0
∆u = 0
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3.1.1 Electromagnetic Waves

Electromagentic waves follow the wave equation due to Maxwell's equations: let E be a function of
space and time describing an electric �eld, and B the related function for the magnetic �eld (magnetic �ux
density). For constants µ0 (permeability of free space), ϵ0 (electric permittivity of free space), and charge
volume density ρ,

∇× E = −∂B

∂t
Faraday's Law of Induction

∇×B = µ0J + 1

c2
∂E

∂t
Ampere-Maxwell Law

∇ · E = ρ

ϵ0
Gauss' Law for Electric Fields

∇ ·B = 0 Gauss' Law for Magnetic Fields

There is quite a bit of physics going on, but Gauss' electric �eld law roughly says the electric �elds
diverges from positive charge and converges on negative charge, while his magnetic �eld law says that the
�eld is conserved (the divergence is 0) i.e. that there are no magnetic monopoles. Faraday's law says a
circulating electric �eld is caused be a magnetic �eld that changes with time.

For our computations, we note that by a cross-product identity A× (B × C) = B(A · C)− C(A ·B),

∆E = ∇ · ∇E = ∇(∇ · E)−∇× (∇× E)

Then, applying the laws above,

∆E = 0−∇× (−∂B

∂t
) = ∂

∂t
(∇×B)

If we assume there are no charge densities/currents (the J term in the Ampere-Maxwell law),

∆E = ∂

∂t
(
1

c2
∂E

∂t
)

which is the wave equation.

3.2 2,3 Dimensions

We solved the 1D problem relatively easily using characteristics, but how could we approach the 3D
equation? Let us try to use the same motivation as the method of characteristics: reducing the dimension.

We may try to understand how to reduce the dimension by �rst looking at the symmetries of the Laplacian
involved in the wave equation. Indeed, the geometric version of the wave equation is

τ2 −
n∑︂

i=1

ξ2i = c

And symmetries of this polynomial inform us of symmetries of the wave equation. For example, the
spatial part (ignoring τ) is a circle, and is �xed under rotations. Similarly, for A ∈ O(n) and f : Rn → R,
∆(f(Ax)) = (∆f)(Ax). This suggests that we may try to look �rst at functions which are radial, so
f(x) = g(|x|) = g(r). In fact, for such a radial function,

∆f = 1

rn−1

d

dr
(rn−1g′)

If u is radial in x, the wave equation reduces to

utt −
n− 1
rn−2

ur + urr = 0
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and a change-of-variables relates this back to the original 1D wave equation and the solution method we
have.

If our functions are not radial (which they usually aren't), we reduce to 1D by using the modi�ed spherical
average of f ∈ C0(R3) denoted

f̃(x; ρ) = 1

4πρ

∫︂
∂B(x;ρ)

f(w)dS(w)

We really don't need continuity for this part of the de�nition, but we keep it because the true spherical
average, f̃/ρ, then satis�es

lim
ρ→0

f̃(x; ρ)

ρ
= f(x)

In this case, we need to be careful about computing the Laplacian, and arrive at the following
[3.1] Darboux's Formula For f ∈ C2(R3), ∂2

∂ρ2 f̃(x; ρ) = ∆xf̃(x; ρ).

Proof:

First, we center coordinates by setting w = x + ρy, removing the dependence of the integration
domain on x and ρ, so

1

4πρ2

∫︂
∂B(x,ρ)

f(w)dS(w) = 1

4π

∫︂
§2
f(x + ρy)dS(y)

Then, we may di�erentiate under the integral sign (we di�erentiate f̃/ρ)

∂

∂ρ

[︄
1

4πρ2

∫︂
∂B(x,ρ)

f(w)dS(w)

]︄

=
1

4π

∂

∂ρ

∫︂
S2

f(x + ρy)dS(y)

=
1

4π

∫︂
S2

∇f(x + ρy) · ydS(y)

=
1

4πρ2

∫︂
∂B(x,ρ)

∇f(w) · w − x

ρ
dS(w)

=
1

4πρ2

∫︂
∂B(x,ρ)

∂f

∂ν
(w)dS(w)

for ν the unit normal to ∂B(x, ρ). The divergence theorem then says this is
1

4πρ2

∫︂
B(x,ρ)

∆f(w)dw

Bringing this back to f̃ , we have
∂

∂ρ
f̃(x; ρ) = ρ

[︃
∂

∂ρ
(f̃/ρ) + f̃/ρ2

]︃
=

1

4πρ2

∫︂
∂B(x,ρ)

f(w)dS(w) + 1

4πρ

∫︂
B(x,ρ)

∆f(w)dw

Repeating this process shows
∂2

∂ρ2
f̃(x; ρ) = 1

4πρ

∂

∂ρ

∫︂
B(x,ρ)

∆f(w)dw

=
1

4π

∂

∂ρ

∫︂ ρ

0

∫︂
∂B(x,r)

∆fdSdr

=
1

4πρ

∫︂
∂B(x,ρ)

∆f(w)dS(w)
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whereas

∆xf̃ =
1

4πρ

∫︂
S2

∆f(x + ρy)dS(y)

since f is the only term depending on x here. We then have the formula.
Q.E.D.

We now may prove the 3D solution formula �rst derived by Gustav Kircho� in 1883,
[3.2] Kircho�'s Integral Formula For u ∈ C2([0,∞)× R3), suppose

utt − ∆u = 0

under the initial conditions (u, ut)|t=0 = (g, h). Then,

u(t, x) = ∂

∂t
g̃(x; t) + h̃(x; t)

Proof:

De�ne

ũ(t, x; ρ) = 1

4πρ

∫︂
∂B(x;ρ)

u(t, w)dS(w)

such that

ũtt =
1

4πρ

∫︂
∂B(x;ρ)

utt(t, w)dS(w)

=
1

4πρ

∫︂
∂B(x;ρ)

∆u(t, w)dS(w) = ∆xũ(t, x; ρ)

By Darboux's formula, ũtt − ũρρ = 0, while we have initial conditions (ũ, ̃ut)|t=0 = (g̃, h̃) along
with the boundary condition ũ(t, x; 0) = 0.

These are only de�ned for ρ ≥ 0, so we extend g̃ and h̃ by taking an odd re�ection. D'Alembert's
formula then implies

ũ(t, x; ρ) = 1

2
[g̃(x; ρ + t) + ̃g(x; ρ− t)] + 1

2

∫︂ ρ+t

ρ−t

h̃(x; τ)dτ

To recover u, we set

u(t, x) = lim
ρ→0

ũ(t, x; ρ)

ρ

= lim
ρ→0

1

2ρ
[g̃(x; ρ + t) + ̃g(x; ρ− t)] + 1

2ρ

∫︂ ρ+t

ρ−t

h̃(x; τ)dτ

=
1

2

[︂
g̃t(x; t) + h̃(x; t)

]︂
Q.E.D.

Next, using this formula for R3 we may work out another formula for R2 via the method of descent. The
essence is to view the function u ∈ C2([0,∞) × R2]) with initial conditions g, h on R2 instead as functions
on R3 that don't depend on the third variable. If we apply the above formula, we then obtain
[3.3] Poisson's Integral Formula For u ∈ C2([0,∞)× R2]), suppose that

utt − ∆u = 0
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under the initial conditions u|t=0 = g, ut|t=0 = h. Then,

u(t, x) = ∂

∂t

(︄
t

2π

∫︂
D

g(x− ty)√︁
1− |y|2

)︄
+

t

2π

∫︂
D

h(x− ty)√︁
1− |y|2

dy

Proof:

If we extend g, h to R3 as mentioned above,

g̃(x; ρ) = ρ

4π

∫︂
S2

g(x1 + ρy, x2 + ρy2)dS(y)

for x ∈ R2. The above formula then comes from a change of coordinates. If we use cylindrical
coordinates y = (r cos(θ), r sin(θ),

√
1− r2), then the change-of-coordinates theorem gives

dS = r√
1− r2

drdθ

such that

g̃(x; ρ) = ρ

2π

∫︂ 2π

0

∫︂ r

0

g(x + ρy)√
1− r2

rdrdθ

=
ρ

2π

∫︂
D

g(x + ρy)√︁
1− |y|2

dy

and a similar formula holds for h̃.
Q.E.D.

Let's revisit Huygen's principle. In two dimensions, it gives us a cone as the domain of dependence, and
in a related way it gave that the range of in�uence was a forward light cone. Let us imagine the world were
2D. Then, this conical range of in�uence says that in the 2D world, sounds would always have a sustained
note. Plosive sounds like the �p" in �pop" would sound very weird, missing the sharp, short sound we know
in 3D. Kircho�'s formula shows that in 3D, the range of in�uence is just the boundary of the cone

Γ+(t0, x0) = {(t, x); t > t0, |x− x0| = t− t0}

allowing us to have sharp sounds! This is also why we may describe a �ash of light (or why we sometimes
view light waves more easily as photons, related to wave-particle duality). In all dimensions, Huygen's
principle does show a �nite propagation speed for the wave (the speed is the c in the wave equation). This
is very important as light having a speed was a huge physical revelation. Readers with some knowledge of
physics may also easily show that the wave equation is �xed under Lorentz boosts, a type of transformation
of spacetime related to relativity. In fact, this invariance may be used to show that the speed of light is �xed,
a fundamental part of relativity. We will contrast this to other situations like the heat equation later.

3.2.1 Higher-Dimensional Solution

The method above generalizes with only minor complications: we may solve in Rn for n > 2 odd, then
descend to Rn−1 to get solutions in all dimensions. We are going to change notation slightly, and use capital
letters to denote true spherical means, while using r as the radius instead of ρ.

To be precise, let

utt − ∆u = 0
(u, ut)|t=0 = (g, h)

Then, de�ning

U(x; r, t) = 1

|∂B(x, r)|

∫︂
∂B(x,r)

u(y, t)dS(y)
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and similarly de�ne the spherical means G,H for g, h. Then, using the same methods that we did in 3
dimensions,

Ur(x; r, t) =
r

n|B(x, r)|

∫︂
B(x,r)

∆u(y, t)dy

Urr(x; r, t) = U +
(︃
1

n
− 1
)︃

1

|B(x, r)|

∫︂
B(x,r)

∆u(y, t)dy

We notice that

Ur =
r

n|B(x, r)|

∫︂
B(x,r)

uttdy

and, in particular,

∂

∂r

(︁
rn−1Ur

)︁
=

∂

∂r

(︄
1

n|B(0, 1)|

∫︂
B(x,r)

uttdy

)︄

=
1

n|B(0, 1)|

∫︂
∂B(x,r)

uttdS = rn−1Utt

Rewriting this, Utt = r1−n ∂
∂r (r

n−1Ur) (which is the radial Laplacian!)
such that U satis�es the Euler-Poisson-Darboux Equation

Utt − Urr −
n− 1
r

Ur = 0

(U,Ut)|t=0 = (G,H)

This is a generalization of Darboux's formula. So far, we have not needed that n is odd at all. However,
that fact is necessary to solve this new PDE in one spatial dimension. The following may look technically
di�cult, but it is the accumulation of just a few tricks. First, let n = 2k + 1 and u ∈ Ck+1 so U is Ck+1 as
well, and denote

Ũ(r, t) =
(︃
1

r

∂

∂r

)︃k−1

(r2k−1U(x; r, t))

G̃(r) =
(︃
1

r

∂

∂r

)︃k−1

(r2k−1G(x; r))

H̃(r) =
(︃
1

r

∂

∂r

)︃k−1

(r2k−1H(x; r))

This transformation turns the Euler-Poisson-Darboux equation into the wave equation. The idea behind
the transform is that we are going to repeat the di�erentiation trick we used in Darboux's formula and
Kircho�'s formula, and by doing so we keep only the highest-order derivatives, yielding the following.

[3.4] We have ⎧⎪⎨⎪⎩
Ũtt − Ũrr = 0 (r, t) ∈ R+ × (0,∞)

(Ũ , Ũt)|t=0 = (G̃, H̃)

Ũ(0, t) = 0 t > 0

Proof.  First, we will note some technical facts that we will not prove here (see HW). Let ϕ : R → R be
Ck+1. Then,
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(i.)

(︃
d2

dr2

)︃(︃
1

r

d

dr

)︃k−1

(r2k−1ϕ(r)) =
(︃
1

r

d

dr

)︃k (︃
r2k

dϕ

dr

)︃
(ii.)

(︃
1

r

d

dr

)︃k−1 (︁
r2k−1ϕ

)︁
=

k−1∑︂
j=0

βk
j r

j+1 d
jϕ

drj
(r)

for βk
j some constants independent of ϕ.

Then, if r > 0, by the �rst fact we have

Ũrr =

(︃
d2

dr2

)︃(︃
1

r

d

dr

)︃k−1

(r2k−1U) =
(︃
1

r

d

dr

)︃k (︁
r2kUr

)︁
=

(︃
1

r

d

dr

)︃k−1

[r2k−1Urr + 2kr2k−2Ur]

=

(︃
1

r

d

dr

)︃k−1 [︃
r2k−1(Urr +

n− 1
r

Ur)

]︃
=

(︃
1

r

d

dr

)︃k−1

(r2k−1Utt) = Ũtt

Whereas, the second fact allows us to conclude Ũ(0, t) = 0 since each term in the sum either has a factor
of r. ∎

We also use the fact

Ũ(r, t) =
(︃
1

r

d

dr

)︃k−1 (︁
r2k−1U(x; r, t)

)︁
=

k−1∑︂
j=0

βk
j r

j+1 d
jU

drj
(r)

to recover

u(x, t) = lim
r→0

U(x; r, t) = lim
r→0

Ũ

βk
0 r

Now, by D'Alembert's formula (with the odd extension of G̃ and H̃),

u(x, t) = 1

βk
0

lim
r→0

[︄
G̃(t + r)− G̃(t− r)

r
+

1

2r

∫︂ t+r

t−r

H̃(y)dy

]︄

=
1

βk
0

[︂
G̃′(t) + H̃(t)

]︂
We conclude with the following, without proof

[3.5] The function

u(x, t) = 1

γn

[︄(︃
∂

∂t

)︃(︃
1

t

∂

∂t

)︃(n−3)/2
(︄

tn−2

|∂B(x, t)|

∫︂
∂B(x,t)

gdS

)︄
+

(︃
1

t

∂

∂t

)︃(n−3)/2
(︄

tn−2

|∂B(x, t)|

∫︂
∂B(x,t)

hdS

)︄]︄

solves the wave equation in Rn, for n odd and initial data g ∈ Cm+1, h ∈ Cm so (u, ut)|t=0 = (g, h), where
γn = 1(3)(5)...(n− 2).
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3.3 Energy Methods

In the above methods, we have seen some argument for uniqueness via a convoluted passage from Picard-
Lindelöf to characteristics to D'Alembert, but we may take a more direct route that is also more easily
generalized. It relies on the fact that energy is conserved in our system. For those who haven't seen energy
before, energy is the capacity to do work (work is applying a force over a distance). For example, a speeding
truck may crash into and push a rock along the road. This is kinetic energy, or energy of motion. Due
to gravity, we may also convert height (distance from the center of Earth) to motion by, say, dropping an
object. The energy stored in this case is one form of potential energy, which also accounts for things like
chemical potential energy. We now measure the energy of our vibrating string.

To be precise, let us consider only the case of the string of length l with �xed ends (we may use more
complicated cases, but this is for exposition). Assume u ∈ C2([0,∞)×[0, l]) satis�es the string wave equation
with Dirichlet boundary conditions.

Recall that, for simplicity, we discretized the continuous string to a number of point-masses located at
xj of mass ρ∆x and velocity ut(xj). Recall also that kinetic energy is one-half of mass times the square of
velocity, so the total kinetic energy along the string is

n∑︂
j=0

1

2
ρ∆x [ut(xj)]

2

taking the limit as n → ∞, this is a Riemann sum and we are left with the integral

Ek =
ρ

2

∫︂ l

0

u2
tdx

The potential energy is equal to the energy required to move the string from zero displacement to the
position it is in, described by u(t, ·). Let us view the displacement as su(t, ·) for s ∈ [0, 1]. Recall that we
denote by ∆F (t, xj) the force across the point xj at time t. The work required to shift the segment xj from s
to s+∆s is s∆F (t, xj)u(t, xj)∆s (tension force (su(t, xj))∆F (t, xj) because tension increases proportionally
to displacement, times distance ∆s). The potential energy associated with the segment is then

∆Ep(t, xj) = −
∫︂ 1

0

s∆F (t, xj)u(t, xj)ds = −1

2
u(t, xj)∆F (t, xj)

≈ −T

2
u(t, xj)

∂2u

∂x2
(t, xj)∆x

(minus because the tension and force are opposite, and the approximation is one we derived previously).
Again, taking a sum and a limit gives an integral

Ep = −T

2

∫︂ l

0

u
∂2u

∂x2
dx

The total energy is then

E = −T

2

∫︂ l

0

u
∂2u

∂x2
dx + ρ

2

∫︂ l

0

u2
tdx

=
1

2

∫︂ l

0

Tu2
x + ρu2

tdx

In a general situation, the corresponding energy on a domain Ω ⊂ Rn is

E [u](t) = 1

2

∫︂
Ω

u2
t + c2|∇u|2dx

What do we mean when we say energy is conserved? Energy does not change with time, i.e. we would
expect the derivative to be zero. This amounts to applying the Leibniz rule and Green's identity (with some
assumptions on Ω) to the integral above
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d

dt
E =

∫︂
Ω

[︁
ututt + c2∇ut∇u

]︁
dx

=

∫︂
Ω

[︁
ut(utt − c2∆u)

]︁
dx +

∫︂
∂Ω

ut∇u · νdS

so that this is 0 as expected for wave solutions with Dirichlet boundary conditions!

[3.6] Suppose Ω ⊂ Rn is a bounded domain with piecewise C1 boundary. If u ∈ C2([0,∞) × Ω) is a wave
solution with u|∂Ω, then the energy E [u] is independent of time.

and, in turn

[3.7] Suppose Ω ⊂ Rn is a bounded domain with piecewise C1 boundary. If u ∈ C2([0,∞)× Ω) satis�es

utt − c2∆u = f, u|∂Ω = 0
(u, ut)|t=0 = (g, h)

is uniquely determined by the functions f, g, h.

Proof:

If u1 an u2 are two solutions to the same f, g, h, w = u1 − u2 is a wave solution with homogeneous
initial and boundary conditions. Hence, E [w](0) = 0, and so the energy is zero across all time. This
implies wt and ∇w are 0 and the 0 vector, or that w is constant. Given the 0 boundary conditions,
w must be 0 and u1 = u2.
Q.E.D.
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